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The a u t h o r  e x a m i n e s  the e f f ec t  of i n f i l t r a t i o n ,  ac t ing  on a s t r i p ,  on the g round  w a t e r  l eve l  
fo r  unbounded  and s e m i b o u n d e d  o n e - d i m e n s i o n a l  f low m o d e l s ,  when the so i l  i s  homogeneous  
and the i m p e r m e a b l e  h o r i z o n  h a s  a s l i g h t  t i l t .  

An unbounded  u n i f o r m  f low with  n o r m a l  depth  h0, on which f r o m  a c e r t a i n  i n s t an t  of  t ime  t = 0 i n f i l -  
t r a t i o n  of i n t e n s i t y  e0, ac t ing  on a s t r i p  p e r p e n d i c u l a r  to the d i r e c t i o n  of f low i s  s u p e r i m p o s e d ,  i s  c o n s i d e r e d  
in r e l a t i o n  to a h o m o g e n e o u s  so i l  with a s m a l l  i n c l i n a t i o n  of the i m p e r m e a b l e  ho r i zon  i .  The p r o b l e m  i s  
to d e t e r m i n e  the g r o u n d  w a t e r  head  c r e a t e d  by  th i s  i n f i l t r a t i o n .  A s s u m i n g  tha t  the f low is  o n e - d i m e n s i o n a l  
we can  w r i t e  the B o u s s i n e s q  equa t ion  fo r  the head H [1]. 

aH k a [ o H ]  e(x) 
at -- ~ ax (H + ix) ~ + 

e(x) = s 0 =  const (x l~.<x~<x2) (1) 
~(x) = 0 (x < xl, z > x~) 

H e r e ,  k is  the p e r m e a b i l i t y ,  # the f r e e  p o r i s i t y ,  and  x the h o r i z o n t a l  c o o r d i n a t e .  

The p r o b l e m  of o n e - d i m e n s i o n a l  p e r c o l a t i o n  without  a p r e s s u r e  g r a d i e n t  in the p r e s e n c e  of an in -  
c l i n e d  i m p e r m e a b l e  hor i zon  was  f i r s t  s t u d i e d  by  P .  Yao P o l u b a r i n o v a - K o c h i n a  [1]. As d i s t i n c t  f r o m  the 
p r o b l e m s  c o n s i d e r e d  in [1], the p r e s e n t  s tudy  t a k e s  into accoun t  i n f i l t r a t i o n  on a s t r i p  and  adop t s  a s o m e -  
what  d i f f e r e n t  a p p r o a c h  to the l i n e a r i z a t i o n  of Eq.  (1). 

The r e l a t i o n  b e t w e e n  the head  and the f low depth  h i s  e x p r e s s e d  as  

h ~ H ~ - i x  

Going  o v e r  f r o m  H to h in Eq.  (1) wi th  s u b s e q u e n t  l i n e a r i z a t i o n  l e a d s  to the equa t ion  

Oh kh' O~h ik Oh ~ (x) 
at --  ~ ax 2 --  ~ - ~  -~ 

(h' i s  the a v e r a g e d  flow depth)  which  a f t e r  the s u b s t i t u t i o n s  

t a k e s  the f o r m  

kh' i e (x) eo 
= T t '  2 c t = - # - ,  w -  kh' , wo= ~ (2) 

u(x, "r) = [h(xJ) -- h0] exp(-- ax + 0~2~) 

o. x. (3) OT -- Ox 2 -~ w exp.(-- c~x -~ ct~T) 
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W e  f i n d  t h e  s o l u t i o n  o f  E q .  (3)  s a t i s f y i n g  t h e  i n i t i a l  c o n d i t i o n  

u ( x , 0 )  = 0 .  T h e  f o r m  o f  t h i s  s o l u t i o n  i n  q u a d r a t u r e s  i s  a s  f o l l o w s  [2 ] :  

~Cz 

0 X~ 

o r  w h a t  a m o u n t s  t o  t h e  s a m e  t h i n g ,  

wo ~ d'r f exp - - [ ~ - - x - b  2a(~--~'i)]" 

0 :Q 

O -  

(4) 

W e  w ~ i t e  t h e  r e s u l t s  o f  e v a l u a t i n g  t h e  i n t e g r a l  

o 

a s  f o l l o w s :  

at  z~ - -  x > 0 

I = I1, i = v - -  u i eric Pi - - a  exp (- -  vl) eric pi* + b exp (--  p l  e) 

a t  x i -  x ~ 0  

I = 12, i = - -  "r + ui eric ( - -  Pt) + a exp ( - -  vi) eric ( - -  p~*) + b exp ( - -  p~)  

(5) 

Here, we have introduced the n o t a t i o n :  

p i -  K V r  \ x ~ - x + % - ) '  p~*= K V r  x ~ - x -  
i ( ~ -  x) Kh '  VT  

a = ( h : ~ 2  q =  h' b = - -  \ ~ /  ' ' i l f g  

Now, using Eqs. (2), (4), and (5), we determine the ground water head Ah = h - h 0 on different intervals 
of variation of x: 

x ~ Xl, A h  = i/2Wo(I1, 2 - -  Ii,1) 

x i ~ x ~ x2, A h =  1/2Wo(I1, 2 - -  Is,i) 

x > x2, Ah = i/2Xo(I2, ~ - -  I~,l) 

(6) 

Letting t tend to infinity, we note that the depression curve tends to a certain limiting position every- 

where except for a region infinitely remote downstream (x ~ oo), where the nonsteady process continues. 

As t ~ % Eqs. (6) take the form 

eoh' [ - -  i (xl - -  x) - -  i (x2 - -  x) 1 
x ~ xl, Ah = - ~ C  Lexp h' - -  exp h'  

eoh' ~- : - -  i (x2 - -  x) Z 1 
x l  ~ x ~ x~, h h  = T L i - exp h' -~ - ~  (x  - -  x l ) .  

so x - -  2a'r 
x ~ x2, hh  = 2-~-  (x2 - -  xl) eric 2 V'~- 

I f  i n  (7)  x << 2 ~ r ,  t h e n  

(7) 

x - -  2 a T  8o 
er ic  2 ]f~" ~ 2 ,  A h = ~ @ 2 - - x l )  
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At these  va lue s  of x, the f low mus t  be 

0t/ h Q = - - k ' - ~ -  x =kiho~-eo (x2--x i )  

x l ) .  
As  c o m p a r e d  with the  o r i g i n a l  f low, i t  has  changed  by an amoun t  equa l  to the t o t a l  i n f i l t r a t i o n  r - 

We in t roduce  the new v a r i a b l e  

Then Eq.  (7) t a k e s  the f o r m  

x -  2ct~ 
~ =  2 V - - - - - ? -  ~ 

Ah : _so (x~ --  xi) 
2ki erfc 

and  may  take  any  v a l u e s .  Se t t ing  ~ = c ,  we obta in  a s y s t e m  

x ~ 2c~ 
2 V ~ -  = c  

which  r e p r e s e n t s  s e c t i o n s  moving  a long  the x ax i s  c a r r y i n g  c o n s t a n t  v a l u e s  of the f low depth .  G e o m e t r i c -  
a l l y ,  t h e s e  c o n s t i t u t e  a f a m i l y  of c u r v e s  in the (x,~-) p lane  with the p r o p e r t y  tha t  a long  e a c h  of them a 
c o n s t a n t  value  of the funct ion h(x,T) i s  p r e s e r v e d .  It i s  e a s y  to d e t e r m i n e  the v e l o c i t y  of t he se  s e c t i o n s :  

dx ik ( kh' ~'J~ ~k 
v - -  dt --  |t -T c \ '-~i-] ~ - ~ -  

We wil l  now c o n s i d e r  the g r o u n d  w a t e r  head  in a s e m i b o u n d e d  b e d  with i n f i l t r a t i o n  on a s t r i p .  

In th i s  c a s e ,  the so lu t ion  of Eq.  (1) m u s t  c l e a r l y  s a t i s f y  not only  the i n i t i a l  but  a l s o  the b o u n d a r y  
cond i t i on ,  which we take in the fo l lowing  f o r m : h ( 0 , t )  = h 0. 

H o w e v e r ,  on going o v e r  to the  funct ion  u(x,7) we have Eq.  (3), which may  be w r i t t e n  in the f o r m  

Ou O~u 
0~ - 0x', -7 6 (x, ~) 

and  the two cond i t i ons  

~(., 0) = 0 ( 8 )  

u(0, ~) = 0 (9) 

We cont inue  the r e g i o n  of de f in i t ion  of u(x,T) onto the o t h e r  x s e m i a x i s , a s s u m i n g  tha t  cond i t ion  (8) 
i s  s a t i s f i e d  t h e r e  too.  In th i s  a u x i l i a r y  r e g i o n  of def in i t ion  we s e l e c t  6(x,7) so  that  cond i t ion  (9) i s  s a t i s f i e d .  

We ach i eve  th i s  b y  s e t t i ng  

w0 exp (-- ax -7 a~ xi ~ x ~< x2 

6 ( x , T ) :  --woexp(ax-Tu~'c), - - x 2 . % x ~ - - x i  

0, X ~ [Xl, X2], X ~ [ - -  X2, - -  Xl] 

Thus ,  the p r o b l e m  is  r e d u c e d  to the s tudy  of the f low in an unbounded  bed ,  and  in the r e g i o n  in 
ques t i on  the unbounded  and  s e m i b o u n d e d  f lows c o i n c i d e .  

In i n t e g r a l  f o r m  the so lu t ion  of the p r o b l e m  is  w r i t t e n  

~c s --~r 

2 ] /g  (v--~l) exp ~ - ~  d~ --  2V~  (v--~i) exp ~-(-~--~-~-~i ) d~ dTi 
1 --xz 

- -  2 w~ e-aX rf xe zi--x '@2a(T--~i)  

0 -  

! [ -  - - x 2 ~ x - - 2 ~ ( * r - - T 1 )  --Xl--X--2a(T--T1)] d~l} 
A-e ax ~erf- ~ ~ err ~ ;  
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A s  a r e s u l t  of e v a l u a t i n g  the  i n t e g r a l  

l x i - -  z - -  2u (~ - -  z,) 
J = erf 2 V-~ --~- -~ 

0 

we o b t a i n  

He re 

at x i - - x > / O  

Y = J1, i ~ v -  ui* ertc Pt* --  a exp vi ertc Pi --  bexp ( - -p i  *e) 

at x ~ - - x % 0  

Y = J~, i = --  ~ @ u~* erfc (-- Pi ')  ~ a exp v~ ertc (-- Pi) --  b exp (-- p~*:) 

h' F k i l t  

We now w r i t e  ou t  t he  e q u a t i o n s  f o r  A h .  T h e r e  a r e  two  p o s s i b l e  c a s e s :  a) the  f l ow  i s  b o u n d e d  a b o v e  

(0 _< x _< ~) ;  b)  t he  f low i s  b o u n d e d  b e l o w  (-o0 < x ~ 0) :  

a)  x l , z 2 > O ,  x 3 = - - x l < O , x + = - - x 2 < O  

0 <.~ x ~ x 1, A h  = 1/eWo[Ij., ~ - -  Ii_,i "@ exp (2ax) (J~4 - -  J2,3)1 

x 1 ~ x < x~, h h  = 1/~Wo[I1, ~ - -  I2,1 ~- exp(2 ax)(J~,~ - -  J~,~)l 

x > / x ~ ,  A h  = ~/~u,o[I~,~ - -  I~,~ ~ exp(2ccx)(J~,4 --  ]~,~)] 

(Lo) 

A s  t ~ ~ ,  E q s .  (10) m a y  be  r e w r i t t e n  a s  f o l l o w s :  0 _< x _< x 1 

eoh' / i x  - -  ix1 - -  ix~. 

x l  ~< x ~< x2 
sob' ~ - -  i (xz - -  x) i (x  - -  Xl) - -  ix2 - -  ix1 

A h =  "-ETa' c l - - e x p  h' @ h' @ e x p ' ~ 7 - - - -  exP--h-7--j 

~ X 2  

so x - -  2 a ' ~  ~ _  Eoh  t [ e x  ~ i x2  ix1)  
h h = ~ - ( x 2 - - x l )  erfc 2 V-~- , ~ k  p ~  - - e x p - - ~ _  

b) xl, x2<0 ,  x a = - - x l > O ,  x ~ = - - x 2 > O  

--  ~z < x ~ xl, hh = 1/2 wo [I1,2 --  li,l + exp (2:tx) (J1,4 --  21,3)1 

xl ~ x ~ x2, hh = 1/2 w0 [h,~ - -  12,1 -~ exp (2ux) (Jl,t - -  J1,3)] 
W0 

z2 -~< x % 0, Ah = ~ [I~,~ --  12,1 @ exp (2C~x) (J1,4 ~ J1,8)] 

AS t ~ ~ ,  we o b t a i n  e x p r e s s i o n s  f o r  t he  l i m i t i n g  v a l u e  of  A h :  

gob '  i x  [ - -  i x t  - -  ix,~ i ( x z  - -  x l )  
hh = ~ exp ~ ~exp ~ --  exp ~ h' 

~oh'[  - i ( x 2 -  x) i ( x ~ ; / ) ]  80 ( x , -  z~) ix 
h h = ~  l - - e x p  h' ki  exp h--Z- 

x z E x ~ < O  

A h = - ~ -  (xz--xl) l - - e x p  

In v i e w  of t h e  l i n e a r i t y  of t he  s t a r t i n g  e q u a t i o n ,  u s i n g  t he  s o l u t i o n s  o b t a i n e d ,  we c a n  d e t e r m i n e  A h  

w h e n  t he  i n f i l t r a t i o n  on  a s t r i p  i s  s p e c i f i e d  a s  a p i e c e - w i s e - c o n s t a n t  f u n c t i o n  of t i m e ,  a n d ,  m o r e o v e r ,  t a k e  

i n t o  a c c o u n t  t he  e f f e c t  on  the  f l ow  of  the  i n f i l t r a t i o n  f r o m  s e v e r a l  i n f i l t r a t i o n  s t r i p s .  
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